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A solution is  obtained to two new contact  p r o b l e m s  in the c l a s s  of p r o b l e m s  cons idered  e a r l i e r  
[3]. The ana ly t ica l ly  e s t ab l i shed  re la t ions  a r e  suitable for  use in s e v e r a l  mechanica l  and 
engineer ing  appl icat ions  as ,  for  ins tance,  in the p r o b l e m  of heat  and e l ec t r i c  cu r r en t  conduc- 
tion through a contact  between solid deformable  bodies.  The mos t  e s sen t i a l  p a r a m e t e r s  have 
been computed  and the r e s u l t s  a re  shown here  in the f o r m  of graphs .  

The method of solution and the r e s u l t s  shown in [1, 2] have made it  feas ib le  to obtain a genera l  solu-  
t ion to a new c l a s s  of p r o b l e m s  concerning the pene t ra t ion  into an e las t ic  ha l f - space  Z > 0 of an a s y m m e t r i c  
smooth  aad  r ig id  punch whose sec t ions  in the Z = coast ,  p lanes  a r e  coafocal  e l l ipses :  

X ~ y2 
+ = 1 .  

a ~ b 2 

Here a is  the m a j o r  semiax i s ,  b = a2~-a~--/2 is  the minor  semiax i s ,  2l is  the focal  dis tance,  andX,  Y, Z a re  
Ca r t e s i an  coord ina tes  r e l a t ed  to the e l l ipsoidal  coordina tes  which will  be used  here  as  follows: 

X = r c o s 0 ,  D(X, Y) _ r ~ ' - I  ~cos 20 

Y =  ~r-~-~/J/~ sin O, D (r, O) V-r 2 - -  12 

The punch gene ra t r i x  can be spec i f ied  by any function Z = f(a). 
de sc r ibed  by the equat ion 

i t  [4] 

Correspondingly ,  the punch surface  will be 

Z = f [ a ( X ,  Y)]. 

The e x p r e s s i o n s  for  the p r e s s u r e  P0 under  a f iat  e l l ip t ica l  punch and fo r  the d i sp lacement  w0 outside 

A G 

[o)V V K -~- 1--a--f 

wo (X, Y; a) = wo (r, O; a )=  1 F(arcsin a l ) 
K r 12 �9 . . . .  

toge the r  with the fo rm u l a s  given in [2] and [31 for  the punch pene t ra t ion  a ,  the total  contact  force  P or  Q 
of a f la t  o r  deep punch re spec t ive ly ,  for  the p r e s s u r e  p under  a punch, and for  the d i sp lacement  w outside 
i t  

(a) = N' (a____~), p (a )=  ~ (a) Q (a)--  N (a), (1) 
O' (a) 
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l 
2 u A ~  

Q (a) = Po (X, Y; a) dXdY = K 

S a 

N (a )=  P0 (X, Y; a)f (X, Y)dXdY 

S a 

= 4Aa ~ . E f (r) dr ~ r ~ 

p(r, 0; a ) =  I Po(r, 0; t) d(Zdt(t) df 

f~ d~ (t) tdt ] 

= A K V (t~ - r~) ( t~ -  t~cos~0) ' 

r 

a 

w (r, O; a) = i w o  (r, O; t). d~dt(t') _ dt 

r 
t 

= t 2 1  K ( / ~  F a r c s i n - - ,  dt 
- -  r r ) 

l \ t ]  

r (r) dr, (2) 

(3) 

(K, E, F denote two complete  and one incomple te  el l ipt ic  in tegra ls )  make i t  poss ib le  to write the exac t  
solution for  each  specif ic  function f(a) in quadra tu res .  Of mos t  p r a c t i c a l  i n t e r e s t  i s  the case  of  a na r ro w  
contact  zone. in [3], for  example ,  was examined  with the g e n e r a t r i x  f = c(a--/)  and the ini t ial  tangent to the 
sol id sur face  along the s t ra igh t  segment  - - l  _< X -< l ,  Y = 0. At X = const,  sect ions  i t s  sur face  runs  into 
the X axis  along a parabola .  When the m a j o r  s emiax i s  a of the contact  e l l ipse  approaches  the length l ,  then 
the contact  zone becom es  n a r r o w  and elongated;  when a is  much longer  than l, on the o ther  hand, then the 
p r o b l e m  approaches  the case  of a contact  between an axia l ly  s y m m e t r i c  cone and an e las t i c  ha l f - space .  
In this s tudy here  will be cons ide red  two punches  differ ing f r o m  the one in [3] by r e s p e c t i v e l y  opposite 
c h a r a c t e r i s t i c s :  one blunter  and one sha rpe r .  

1. Le t  

f = c [a (X, I/) - -  tlL a > l. (4~ 

F o r  the punch sect ion in the Y = 0 plane we have 

o fo~ (X/.s l, 
f [a (X, 0)1 = c ( ] x I -  z) ~ fo~ fxi > l, 

and at punch sect ions  in X = const,  p lanes  the punch sur face  runs  into the X axis  along the - - l  --- X ~ l 
s egment  as  a fou r th -degree  pa rabo la .  Thus,  the punch is  v e r y  rounded but e longated at smal l  va lues  of X 
and Y, becoming  a pa rabo lo id  of revolut ion a t  la rge  va lues  of X and Y. The contact  begins  at the tangency 
along the segment  - - l  -< X-< l ,  Y-- O. 

In the d imens ion less  coordinates  

a b r X Y a (a____~) (5) 
= 5 - '  n = - ~ - ,  p = - T ,  x -  , v = T ,  ~ ( ~ ) =  cl ' 
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Fig. 1 Fig. 2 
Fig. 1. Punch pene t ra t ion  a and i ts  der iva t ive  a '  as  functions of the ma jo r  
s em i ax i s  ~ of the contact  e l l ipse.  Dashed cu rves  r e p r e s e n t  the a s y m p t o -  
t i cs  for  l a rge  va lues  ~, dashed-dot ted  cu rves  r e p r e s e n t  the a sympto t i c s  
fo r  sma l l  va lues  of }: f = c (a - - l )  2 (t), f = c ~  (2). All quant i t ies  a r e  
d imens ionless .  

Fig. 2. Total  contact  force  P as  a function of the pene t ra t ion  a and as  a 
function of the m a j o r  s emiax i s  of the contact  e l l ipse  ~. Dashed cu rves  r e -  
p r e s e n t  the a sympto t i c s  for  l a rge  values  of ~ and a r e spec t ive ly ,  dashed-  
dotted cu rves  r e p r e s e n t  the a sympto t i c s  for  sma l l  va lues  of~ and a r e s p e c -  
t ively:  f = c (a - - l )  2 (1), f = c ~  (2). All quant i t ies  a r e  d imens ionless .  

InserUxlg (4) into (2) y ie lds  

(o) = f (r) p (~) = P (a___~) N (~) = N (a__~) 
cl ' Acl ~ ' Acl ~ 

O (a) p (r, 0; a) 
Q ( ~ ) = - - ,  p (p, o; ~) = 

Al Ac 

Q (~) = 2 ~  , 
K~ 

( 3 )  -4 (36 1)+5]. N (~) = 4~K, 8 + 2:~ [~ (1 - -  28)-- 1] -~ -~- ~E2 [~ * 

The solution to the p r o b l e m  b e c o m e s  

(z(~) 2 K~{--uS~+Kz(8--2)+E2[~2(1+8)+I]}, 
J~ 

p (p, o; ~ ) =  

P (~) = = (~) O (D N (~), 

I da (~) xd'r 
dx 

t K ( 1 )  V ( ' - p 2 ) ( ' - c ~  
P 

1 
d~ _ F arcsin 

, g  

1 

(5) 

(6) 

(7) 

is) 
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w h e r e  _ ( 2 ) 

' ' K--~ ' K~ = g  - ; 

K and E a r e  c o m p l e t e  e l l ip t i c  i n t e g r a l s .  

(9) 

A c c o r d i n g  to f o r m u l a s  (6)-(9), the r e s p e c t i v e  quan t i t i e s  w e r e  c o m p u t e d  on a BESM-6 mach ine .  F u r -  
t h e r m o r e ,  a s y m p t o t i c  f o r m u l a s  have  been  d e r i v e d  f o r  ~ va lue s  c lose  to uni ty  and m u c h  g r e a t e r  than unity. 

In the f i r s t  c a s e  (~ ~ I o r  0 < ~--1  << 1) the zone i s  n a r r o w  and the a s y m p t o t i c  f o r m u l a s  a r e  

3 8 3 
(~) = 4 -  (~ - -  1)21n ~ - - 1  + 8 -  (~ - -  1)~ + O I ( ~ - -  1)21, 

3 8 9 8 [ 8 l 
~'  (g) = ~ -  (g - -  1) In --g_l  + - ~ -  (g - -  1)21n ~--1 + 0  [ (~ - -  1)~ln --g-- l] ,  

I ) ]  ( 8 )  (8 
2 In ~ 2111' 

15 ~ 1 / i  ~2__p~ 3 
p (p, O; ~) ~ 4 g ~  2 - -  cos2O - -  l-Z- g (~ - p 2) (~2 _ cos 2 0) 

+ ~ p  F arcsin 
. ~ "  ~ - -  cos~O , p 

t , / � 9  1 ~ E 

+ ~os ~ o) in U P  - p~ + | / ~  - co~ o 
V p2 COS 2 {) - -  ' 

F and E a r e  i n c o m p l e t e  e l l ip t i c  i n t e g r a l s .  On the y - a x i s  Eq. (10) s i m p l i f i e s  to 

V ~  ~ Vn~ - y~ + ~ p(O, y; g ) ~ - i 6  [ - - v  ( 2 0 - - g ) ] - -  ~6- (19 -r Y") In V y  z +  1 

C o m p a r i n g  these  e x p r e s s i o n s  with the e x a c t  so lu t ion  (6)-(9),  we a s c e r t a i n  tha t  they  a r e  o p e r a t i v e  with a 
s m a l I e r  than  5% e r r o r  f o r  a in the 1 < ~ < 1.2 r eg ion ,  f o r  a '  in the 1 < ~ < 1.5 r eg ion ,  f o r  Y in the 1 < 
< 1.3 r eg ion ,  and  f o r  p in the 1 < ~ < 2 r e g i o n  (Figs .  1 and 2). 

In the second  c a s e ,  when g >> 1 and the con t ac t  zone a p p r o a c h e s  a c i r c l e ,  the a s y m p t o t i c  f o r m n l a s  

1 ~ 1 In 4~ 
(~) = 2 ~ - -  ~ + Y + 4~ 8~ ~ 

1 3a  1 l n 4 ~  + 1 ~, ( @ )  
- -  16~ - - - ~  + 64~' 16; 4 6 - ~  %. 256~ ~ - - ~ -  + 0 , 

n t in4~ 9~ ( @ )  
~z' (~) = 4~ - -  n -  4---  T-  - t -  4~ 3 64~ 4 + 0 , 

16 ~ 3 _ 2 n ~ , _ 4 g + 2 n  - l 1n4~4- l ~ ( @ )  
P (~) = -3 -  4--~- ' 4~ 2~ ~ -}- 0 , 

p (p, O; D ~ n ~ - -  cos ~ 0 V P 2 - -  cos~ 0 

(10) 

( ,)( i 1 + 4~- y ~ a~in V~ = ~;yo, 
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( V/-  ~ _ p ~  cos 0 )} (11) 
- -  4pE arcsin ~2 _ cos ~ O ' p 

are operative with a smaller than 5% error  for a '  in the ~ > 1.25 region and for P in the ~ > 1.7 region. 
With the first four terms of the asymptotic for a (represented by the dashed curve in Fig. 2) alone, the 
accuracy remains within 10% in the $ > 1.6 region; with all ten terms the values of ~ remain accurate 
within 4% already when ~ > 1.1 and almost fall on the exact curve. The asymptotic of the contact pressure 
is accurate within 3% already when $ -> 3. Evidently, the asymptotics for ~ N I and ~ >> 1 converge and 
sometimes merge without ceasing to be fairly accurate. 

When } >> 1, the first term of the ~, ~ ' ,  and I ~ asymptotics concur exactly with the solution for a 
paraboloid of revolution [5], the contact pressure for which is given by the expression 

p (p; ~) = 8__ V ~ --  P~- 

The first term of the pressure asymptotic approaches this expression when ~ -~ ~o, which is especially 
evident as  express ion  (11) becomes  

# V-y ~ + I . 

, Vg=y, 1 - -  V~----T~ arctg 
+ Vy --4-v j 

on the y-axis .  

As an application example,  a numer ica l  method has been developed in [1] for  calculating the pene t ra -  
tion a of an el l ipt ical  punch with the genera t r ix  (4) as  a function of the major  semiaxis  of the contact el l ipse 
~. A compar ison with the exact  express ion  (6) revea l s  a complete concurrence  of resu l t s  (within computa-  
tion accuracy).  

Unlike in the case in [3], the p r e s s u r e  p is everywhere  bounded: there are  no singulari t ies at points 
x = • 1 on the x-axis ,  because  the punch co rne r s  are  rounded. 

2. We n o w c o n s i d e r a p u n c h w h i c h i s s h a r p e r  than the one descr ibed  in [3]. Its shape can be defined 
by the function 

f=cVa(X, Y ) - - l ,  a>l, 

which at the punch sect ion in the Y = 0 plane is  

0 for JXJ~(.l, 
fin(X, 0)1 = cVlXl - I  for [ x l > l .  

In X = const, sect ions on the interval  --l  < X < 1 this punch runs into X axis l inearly: 
cY 

(1 - -  X 2) V 2 - + - ~  ' 

i. e . ,  the lower end of the punch is  a lmost  a wedge. 

In the dimensionless  coordinates  (5) we have 

Q (~) - 2n~ 
t(1 

8~2  6 F -  - -  - -  N (~)= ).;~_~ , 38~V-2~ [2Ea+(~--I)F,] - [ -~-V-2V'~ ' - - I ,  
(12) 

Here 

V - 2 - K x  ( 2 V ~ , - ~ - T + F s ( 2 6 ~ _ ~ W 1 ) _ 2 E 3 } ,  
(~)= ~ V---~ 

Ea = E ( arccos~/~--~, V ~ 2 ~ ) ;  F3=F (arccos ] f 2__2__, V~2@~) ; ~ 

(13) 

(14) 

F and E are  incomplete el l ipt ic integrals .  
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Fig .  3. D i s t r i b u t i o n  of  c o n t a c t  p r e s s u r e  p a t  ~ = 2 f o r  c a s e s  
a) f = c(a = l )  z and  b) f = c4-a--~7. 

The q u a n t i t i e s  a ,  a T, P ,  and  p w e r e  c o m p u t e d  on a B ~ S M - 6  m a c h i n e  a c c o r d i n g  to f o r m u l a s  (7), (8), 
(12, (13), and  (14). 

The a s y m p t o t i e s  w e r e  c o m p u t e d  on ly  f o r  ~ ~ 1, i n a s m u c h  a s  f o r  l a r g e r  ~ v a l u e s  t hey  b e c o m e  m o r e  
u n w i e l d y  and  a l s o  much  l e s s  i m p o r t a n t :  

l , / ~  - -  1 In 8 2 V - ~  - -  I 2 (~ - -  i) 3/2 
a (~) = a ~ - -  1 { a k a -i- 0 [($--l)a/q, 

1 8 8 
u'  (~) = 2a V ~ H  in ~--1-- + 8 In ~--i-- 

P (~) = 4  ]/r~ __ 1~- 2 (~- -  1)a/2 + 0  [(~ --1) 3/2 I. 

T h e s e  a s y m p t o t i c  f o r m u l a s  a r e  a c c u r a t e  wi th in  5% f o r  a in  the 1 < ~ < 1.3 r e g i o n ,  fo r  a '  in  the 1 < ~ < 2 
r eg ion ,  and  f o r  P in  the 1 < ~ < 2 r eg ion .  The p r i n c i p a l  p a r t  of  the c o n t a c t - p r e s s u r e  i n t e g r a l  p with ~ ~ 1 
i s  g iven  by  the e x p r e s s i o n  

V ( ~ - - ~ )  ( ~  - r ~) ( ,~  - c o s  ~ 0)  ' 
r 

which  i n d i c a t e s  tha t  the p r e s s u r e  i s  unbounded  on the - -1  --- x -< 1 s e g m e n t  of  the x - a x i s  (r  = i ,  x = c o s 0 ) .  
Some r e s u l t s  of  c o m p u t a t i o n s  on the BI~SM-6 m a c h i n e  a r e  shown in F ig .  3a ,  b. I t  i s  to be no ted  tha t  the 
p r o g r a m s  w r i t t e n  in  the F O R T R A N  language  y i e l d  the c o n t a c t  p r e s s u r e  a t  any  po in t  wi th in  the c o n t a c t  r e g i o n  
with any  va lue  of  ~. C o m p u t a t i o n s  s i m i l a r  to t h e s e  can  be made  a l s o  f o r  o t h e r  func t ions  f, but  fo r  the t ime  
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being we have thoroughly analyzed three  typical  among the c l a s s  of contact  p r o b l e m s  in [3]. 

r 

P 
0 
X, Y, Z 
x, y 
W 

P 
W0 

P0 
f 
P 
Q 

N 
a 

Sa 
K, E, F 

b, 
l 

D 
A,e 
G 
V 

N O T A T I O N  

is the radius;  
is  the d imens ion less  radius ;  
is  the angle,  in e l l ip t ical  coordina tes ;  
a re  the Car te s i an  coordina tes  of a point; 
a r e  the d imens ion less  Car te s i an  coordinates  of a point; 
, s  the d i sp lacement  of e las t ic  m a t e r i a l  along a punch of a r b i t r a r y  shape; 
, s  the p r e s s u r e  under  a punch of a r b i t r a r y  shape; 
is  the d i sp lacement  of e las t ic  m a t e r i a l  along a f lat  punch; 
is  the p r e s s u r e  under a f la t  punch; 
is the function wMch defines the punch shape; 
,s  the total  contact  force  of a punch of a r b i t r a r y  shape; 
is  the total  contact  force  of a f iat  punch; 
is  the component  of total  force ;  
~s the depth of punch penet ra t ion;  
is  the contact  zone; 
a r e  the two comple te  and one incomplete  el l ipt ic  in tegra l s ;  
a r e  the m a j o r  s emiax i s  and d imens ion less  m a j o r  s emiax i s  of  an e l l ipse;  
a re  the minor  s emtax i s  and d imens ion less  minor  s emiax i s  of an el l ipse;  
is  one half the focal  distance of an e l l ipse ;  
is  the different ia t ion ope ra to r  in a de terminant ;  
a re  the coeff ic ients  in the p r e s s u r e  equation for  a f lat  punch and in function f; 
i s  the shea r  modulus for  the ha l f - space  ma te r i a l .  
is  the Po i s son  ra t io  for  the ha l f - space  ma te r i a l .  

1~ 
2. 
3. 
4. 
5. 
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